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c-ALMOST PERIODIC TYPE FUNCTIONS AND APPLICATIONS
M. T. KHALLADI, M. KOSTIC´, M. PINTO, A. RAHMANI, AND D. VELINOV
Abstract. In this paper, we introduce several various classes of c-almost pe-
riodic type functions and their Stepanov generalizations, where c ∈ C and
|c| = 1. We also consider the corresponding classes of c-almost periodic type
functions depending on two variables and prove several related composition
principles. Plenty of illustrative examples and applications are presented.
1. Introduction and preliminaries
The notion of almost periodicity was studied by H. Bohr around 1925 and later
generalized by many others. The interested reader may consult the monographs
by Besicovitch [6], Bezandry and Diagana [7], Corduneanu [11]-[12], Diagana [14],
Fink [15], Gue´re´kata [16], Kostic´ [22] and Zaidman [28] for the basic introduction
to the theory of almost periodic functions. Almost periodic functions and almost
automorphic functions play a significant role in the qualitative theory of differential
equations, physics, mathematical biology, control theory and technical sciences.
The class of (ω, c)-periodic functions and various generalizations have recently
been introduced and investigated by Alvarez, Go´mez, Pinto [1] and Alvarez, Castillo,
Pinto [2]-[3] (see also Pinto [27], where the notion of (ω, c)-periodicity has been ana-
lyzed for the first time). In [19]-[20], we have recently considered various generaliza-
tions of (ω, c)-periodic functions. Besides the notion depending on two parameters
ω and c, it is meaningful to consider the notion depending only on the parameter
c. The main aim of this paper is to introduce and analyze the classes of c-almost
periodic functions, c-uniformly recurrent functions, semi-c-periodic functions and
their Stepanov generalizations (see [10] for further information concerning semi-
Bloch k-periodic functions (k ∈ R) and semi-anti-periodic functions; the class of
uniformly recurrent functions has recently been analyzed in [23]), where c ∈ C and
|c| = 1. We also introduce and investigate the corresponding classes of c-almost
periodic type functions depending on two variables; several composition principles
for c-almost periodic type functions are established in this direction. We provide
some illustrative examples and applications to the abstract fractional semilinear
integro-differential inclusions.
Before briefly explaining the organization of paper and notation used, the authors
would like to thank Professor Toka Diagana for his invitation to submit this article
to the special issue of Nonautonomous Dynamical Systems dedicated to the memory
of Professor Constantin Corduneanu.
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By (E, ‖ · ‖) we denote a complex Banach space; I denotes the interval R or
[0,∞). If X is also a complex Banach space, then L(E,X) stands for the space of
all continuous linear mappings from E into X ; L(E) ≡ L(E,E).
In Subsection 1.1 we collect the basic definitions and results about almost pe-
riodic type functions and their Stepanov generalizations. The notion of c-almost
periodicity and the notion of c-uniform recurrence are introduced in Definition 2.1
and Definition 2.3, respectively (if c = 1, then we recover the usual notions of almost
periodicity and uniform recurrence). After that, in Definition 2.4 and Proposition
2.5, we introduce the notion of semi-c-periodicity and prove some necessary and
sufficient conditions for a continuous function f : I → E to be semi-c-periodic.
Proposition 2.6 is important in our analysis because it states that there does
not exist a c-uniformly recurrent function f : I → E if |c| 6= 1 (see also Proposi-
tion 2.7 and Proposition 2.8 for some expected results on the introduced classes of
functions). Further on, in Proposition 2.9, we show that for any c-almost periodic
function (c-uniformly recurrent function, semi-c-periodic function) f : I → E and
for any positive integer l ∈ N the function f(·) is cl-almost periodic (cl-uniformly
recurrent, semi-cl-periodic); after that, in Corollary 2.10, we clarify the basic conse-
quences in case that arg(c) ∈ π ·Q. In Proposition 2.11, we analyze the situation in
which arg(c) /∈ π ·Q; if this is the case, then we prove that the c-almost periodicity
of function f(·) implies the c′-almost periodicity of function f(·) for all c′ ∈ S1,
where S1 := {z ∈ C ; |z| = 1}. Furthermore, if the function f(·) is bounded and
c-uniformly recurrent, then f(·) is c′-uniformly recurrent for all c′ ∈ S1 (to sum
up, any c-almost periodic function is always almost periodic and any bounded c-
uniformly recurrent function is always uniformly recurrent; the converse statement
is false in general); see also Proposition 2.12.
The main structural properties of introduced classes of functions are stated in
Theorem 2.13. After that, in Theorem 2.14, we clarify that a bounded continuous
function f : I → E is semi-c-periodic if and only if there exists a sequence (fn) of
bounded continuous c-periodic functions which uniformly converges to f(·). If the
function f(·) is real-valued, c-uniformly recurrent (semi-c-periodic) and f 6= 0, then
c = ±1 and moreover, if f(t) ≥ 0 for all t ∈ I, then c = 1; see Proposition 2.17.
Furthermore, if f : I → E is c-uniformly recurrent (semi-c-periodic) and f 6= 0,
then f(·) cannot vanish at infinity; see Proposition 2.18.
An interesting extension of [26, Theorem 2.3] is proved in Theorem 2.24, which
is one of the main results of the second section. The c-almost periodic extensions
(semi-c-periodic extensions) of functions from the nonnegative real axis to the whole
real axis are analyzed in Proposition 2.25. The notion of asymptotical c-almost
periodicity (asymptotical c-uniform recurrence, asymptotical semi-c-periodicity) is
introduced in Definition 2.26, while the notion of corresponding Stepanov classes is
introduced in Definition 2.27.
Without going into full details, let us only say that the composition theorems for
c-almost periodic type functions are analyzed in Subsection 2.1, while the invariance
of c-almost type periodicity under the actions of convolution products is analyzed
in Subsection 2.2 (the structural results in these subsections are given without
proofs, which can be deduced similarly as in our previous research studies; it is
also worth noting that, in Section 2, we present numerous illustrative examples and
comments about the problems considered). The final section of paper is reserved
for applications of our abstract theoretical results.
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By Lploc(I : E), C(I : E), Cb(I : E) and C0(I : E) we denote the vector spaces
consisting of all p-locally integrable functions f : I → E, all continuous functions
f : I → E, all bounded continuous functions f : I → E and all continuous functions
f : I → E satisfying that lim|t|→+∞ ‖f(t)‖ = 0, respectively (1 ≤ p < ∞). As is
well known, C0(I : E) is a Banach space equipped with the sup-norm, denoted
henceforth by ‖ · ‖∞. If f : R → E, then we define fˇ : R → E by fˇ(x) := f(−x),
x ∈ R.
We will use the following auxiliary result, whose proof follows from the argu-
mentation used in the proof that every orbit under an irrational rotation is dense
in S1 (see e.g. the solution given by C. Blatter in [8]):
Lemma 1.1. Suppose that c = eipiϕ, where ϕ ∈ (−π, π] \ {0} is not rational. Then
for each c′ ∈ S1 there exists a strictly increasing sequence (lk) of positive integers
such that supk∈N(lk+1 − lk) <∞ and |clk − c′| < ǫ.
1.1. Almost periodic type functions and generalizations. Given ǫ > 0, we
call τ > 0 an ǫ-period for f(·) if
‖f(t+ τ)− f(t)‖ ≤ ǫ, t ∈ I.
The set constituted of all ǫ-periods for f(·) is denoted by ϑ(f, ǫ). It is said that
f(·) is almost periodic if for each ǫ > 0 the set ϑ(f, ǫ) is relatively dense in [0,∞),
which means that there exists l > 0 such that any subinterval of [0,∞) of length l
meets ϑ(f, ǫ). The vector space consisting of all almost periodic functions is denoted
by AP (I : E). This space contains the space consisting of all continuous periodic
functions f : I → E.
Let f ∈ AP (I : E). Then the Bohr-Fourier coefficient
Pr(f) := lim
t→∞
1
t
∫ t
0
e−irsf(s) ds
exists for all r ∈ R; furthermore, if Pr(f) = 0 for all r ∈ R, then f(t) = 0 for
all t ∈ R, and σ(f) := {r ∈ R : Pr(f) 6= 0} is at most countable. The function
f : I → E is said to be asymptotically almost periodic if and only if there exist an
almost periodic function h : I → E and a function φ ∈ C0(I : E) such that f(t) =
h(t) + φ(t) for all t ∈ I. This is equivalent to saying that, for every ǫ > 0, we can
find numbers l > 0 and M > 0 such that every subinterval of I of length l contains,
at least, one number τ such that ‖f(t+ τ) − f(t)‖ ≤ ǫ provided |t|, |t+ τ | ≥M.
For any almost periodic function f : I → E, the spectral synthesis states that
f ∈ span{eiµ·x : µ ∈ σ(f), x ∈ R(f)},(1.1)
where the closure is taken in the space Cb(I : E). By APΛ(I : E), where Λ is a
non-empty subset of R, we denote the vector subspace of AP (I : E) consisting of
all functions f ∈ AP (I : E) for which the inclusion σ(f) ⊆ Λ holds. We have that
APΛ(I : E) is a closed subspace of AP (I : E) and therefore Banach space itself.
For the sequel, we need some preliminary results from the pioneering paper [5]
by Bart and Goldberg, who introduced the notion of an almost periodic strongly
continuous semigroup there. The translation semigroup (W (t))t≥0 on AP ([0,∞) :
E), given by [W (t)f ](s) := f(t + s), t ≥ 0, s ≥ 0, f ∈ AP ([0,∞) : E) is consisted
solely of surjective isometries W (t) (t ≥ 0) and can be extended to a C0-group
(W (t))t∈R of isometries on AP ([0,∞) : E), where W (−t) := W (t)−1 for t > 0.
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Furthermore, the mapping E : AP ([0,∞) : E)→ AP (R : E), defined by
[Ef ](t) := [W (t)f ](0), t ∈ R, f ∈ AP ([0,∞) : E),
is a linear surjective isometry and Ef(·) is a unique continuous almost periodic
extension of a function f(·) from AP ([0,∞) : E) to the whole real line.
Following Haraux and Souplet [17], we say that a continuous function f(·) is
uniformly recurrent if and only if there exists a strictly increasing sequence (αn) of
positive real numbers such that limn→+∞ αn = +∞ and
lim
n→∞
sup
t∈R
∥∥f(t+ αn)− f(t)∥∥ = 0.
It is well known that any almost periodic function is uniformly recurrent, while
the converse statement is not true in general. For more details about uniformly
recurrent functions, we refer the reader to [23].
Let 1 ≤ p <∞. We continue by recalling that a function f ∈ Lploc(I : E) is said
to be Stepanov p-bounded if and only if
‖f‖Sp := sup
t∈I
(∫ t+1
t
‖f(s)‖p ds
)1/p
<∞.
Equipped with the above norm, the space LpS(I : E) consisted of all Stepanov
p-bounded functions is a Banach space. A function f ∈ LpS(I : E) is said to be
Stepanov p-almost periodic if and only if the function fˆ : I → Lp([0, 1] : E), defined
by
fˆ(t)(s) := f(t+ s), t ∈ I, s ∈ [0, 1],(1.2)
is almost periodic. Furthermore, we say that a function f ∈ LpS(I : E) is asymp-
totically Stepanov p-almost periodic if and only if there exist a Stepanov p-almost
periodic function g ∈ LpS(I : E) and a function q ∈ LpS(I : E) such that f(t) =
g(t) + q(t), t ∈ I and qˆ ∈ C0(I : Lp([0, 1] : E)).
We also need the following definition from [23].
Definition 1.2. Let 1 ≤ p <∞.
(i) A function f ∈ Lploc(I : E) is said to be Stepanov p-uniformly recurrent if
and only if the function fˆ : I → Lp([0, 1] : E), defined by (1.2), is uniformly
recurrent.
(ii) A function f ∈ Lploc(I : E) is said to be asymptotically Stepanov p-
uniformly recurrent if and only if there exist a Stepanov p-uniformly recur-
rent function h(·) and a function q ∈ LpS(I : E) such that f(t) = h(t)+q(t),
t ∈ I and qˆ ∈ C0(I : Lp([0, 1] : E)).
2. c-Almost periodic type functions
With the exception of Proposition 2.6 and the paragraph preceding it, in this
paper we will always assume that c ∈ C and |c| = 1. Let f : I → E be a continuous
function and let a number ǫ > 0 be given. We call a number τ > 0 an (ǫ, c)-period
for f(·) if ‖f(t+τ)−cf(t)‖ ≤ ǫ for all t ∈ I. By ϑc(f, ǫ) we denote the set consisting
of all (ǫ, c)-periods for f(·).
We are concerned with the following notion:
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Definition 2.1. It is said that f(·) is c-almost periodic if and only if for each ǫ > 0
the set ϑc(f, ǫ) is relatively dense in [0,∞). The space consisting of all c-almost
periodic functions from the interval I into E will be denoted by APc(I : E).
If c = −1, then we also say that the function f(·) is almost anti-periodic. The
space of almost anti-periodic functions has recently been analyzed in [26].
In general case, it is very simple to prove that the following holds (see e.g., the
proof of [6, Theorem 4◦, p. 2]):
Proposition 2.2. Suppose that f : I → E is c-almost periodic. Then f(·) is
bounded.
The following generalization of c-almost periodicity is meaningful, as well:
Definition 2.3. Let c ∈ C \ {0}. Then a continuous function f : I → E is said
to be c-uniformly recurrent if and only if there exists a strictly increasing sequence
(αn) of positive real numbers such that limn→+∞ αn = +∞ and
lim
n→+∞
∥∥f(·+ αn)− cf(·)∥∥∞ = 0.(2.1)
If c = −1, then we also say that the function f(·) is uniformly anti-recurrent. The
space consisting of all c-uniformly recurrent functions from the interval I into E
will be denoted by URc(I : E).
Define now S := N if I = [0,∞), and S := Z if I = R. We will also consider the
following notion:
Definition 2.4. Let f ∈ C(I : E). It is said that f(·) is semi-c-periodic if and only
if
∀ε > 0 ∃p > 0 ∀m ∈ S ∀x ∈ I ∥∥f(x+mp)− cmf(x)∥∥ ≤ ε.
The space of all semi-c-periodic functions will be denoted by SAPc(I : E).
Suppose that I = R, f ∈ C(R : E), p > 0 and m ∈ N. Then we have
sup
x∈R
∥∥f(x+mp)− cmf(x)∥∥ = sup
x∈R
∥∥f(x)− cmf(x−mp)∥∥
= sup
x∈R
∥∥cm[c−mf(x)− f(x−mp)]∥∥ = |c|m sup
x∈R
∥∥f(x−mp)− c−mf(x)∥∥
= sup
x∈R
∥∥f(x−mp)− c−mf(x)∥∥ ∈ [0,∞].
Therefore, we have the following:
Proposition 2.5. Suppose that f ∈ C(I : E). Then f(·) is semi-c-periodic if and
only if
∀ε > 0 ∃p > 0 ∀m ∈ N ∀x ∈ I
∥∥f(x+mp)− cmf(x)∥∥ ≤ ε.
Furthermore, if I = R, then the above is also equivalent with
∀ε > 0 ∃p > 0 ∀m ∈ −N ∀x ∈ I ∥∥f(x+mp)− cmf(x)∥∥ ≤ ε.
It can be very simply shown that any semi-c-periodic function is bounded. Keep-
ing in mind Proposition 2.5 and this observation, we may conclude that the notion
introduced in Definition 2.4 is equivalent and extends the notion of semi-periodicity
for case c = 1, introduced by Andres and Pennequin in [4], and the notion of semi-
anti-periodicity for case c = −1, introduced by Chaouchi et al in [10].
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The notion introduced in Definition 2.4 can be considered with general complex
number c ∈ C \ {0}, but the situation is much more complicated in this case (cf.
[24] for more details). The same holds with the notion introduced in Definition 2.1
and Definition 2.3, but then we have the following result:
Proposition 2.6. Suppose that f ∈ URc(I : E) and c ∈ C \ {0} satisfies |c| 6= 1.
Then f ≡ 0.
Proof. Without loss of generality, we may assume that I = [0,∞). Suppose to the
contrary that there exists t0 ≥ 0 such that f(t0) 6= 0. Inductively, (2.1) implies
|c|km− |c|
k − 1
n(|c| − 1) ≤ ‖f(t)‖ ≤ |c|
kM − |c|
k − 1
n(|c| − 1) , k ∈ N, t ∈
[
kαn, (k + 1)αn
]
.
(2.2)
Consider now case |c| < 1. Let 0 < ǫ < c‖f(t0)‖. Then (2.2) yields that there
exist integers k0 ∈ N and n ∈ N such that for each k ∈ N with k ≥ k0 we have
‖f(t)‖ ≤ ǫ/2, t ∈ [kαn, (k + 1)αn]. Then the contradiction is obvious because for
each m ∈ N with m > n there exists k ∈ N such that t0+αm ∈ [kαn, (k+1)αn] and
therefore ‖f(t0 + αm)‖ ≥ c‖f(t0)‖ − (1/m) → c‖f(t0)‖ > ǫ, m → +∞. Consider
now case |c| > 1; let n ∈ N be such that ‖f(t0)‖ > 1/(n(|c| − 1)) and M :=
maxt∈[0,2αn] ‖f(t)‖ > 0. Then for each m ∈ N with m > n there exists k ∈ N such
that αm ∈ [(k − 1)αn, kαn] and therefore ‖f(t+ αm)‖ ≤ 1 + |c|M, t ∈ [0, 2αn]. On
the other hand, we obtain inductively from (2.1) that
∥∥f(t0 + kαn)∥∥ ≥ |c|k
[∥∥f(t0)∥∥− 1
n(|c| − 1)
]
+
1
n(|c| − 1) → +∞ as k ∈ N,
which immediately yields a contradiction. 
Using the same arguments as in the proof of [19, Lemma 3.4], we can clarify the
following:
Proposition 2.7. Suppose that I = R and f : R → E. Then the function f(·) is
c-almost periodic (c-uniformly recurrent, semi-c-periodic) if and only if the function
fˇ(·) is 1/c-almost periodic (1/c-uniformly recurrent, semi-1/c-periodic).
Since for each numbers t, τ ∈ I and m ∈ N we have∣∣∣∥∥f(t+ τ)∥∥− ‖f(t)‖∣∣∣ = ∣∣∣∥∥f(t+ τ)∥∥ − ‖cmf(t)‖∣∣∣ ≤ ∥∥f(t+ τ)− cmf(t)∥∥,
the following result simply follows:
Proposition 2.8. Suppose that f : I → E is c-almost periodic (c-uniformly re-
current, semi-c-periodic). Then ‖f‖ : I → [0,∞) is almost periodic (uniformly
recurrent, semi-periodic).
Further on, we have (x ∈ I, τ > 0, l ∈ N):
f
(
x+ lτ
)− clf(x)
=
l−1∑
j=0
cj
[
f
(
x+ (l − j)τ)− cf(x+ (l − j − 1)τ)].
Hence, ∥∥∥f(·+ lτ)− clf(·)∥∥∥
∞
≤ l
∥∥∥f(·+ τ)− cf(·)∥∥∥
∞
.
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The above estimate can be used to prove the following:
Proposition 2.9. Let f : I → E be a c-almost periodic function (c-uniformly
recurrent function, semi-c-periodic), and let l ∈ N. Then f(·) is cl-almost periodic
(cl-uniformly recurrent, semi-cl-periodic).
Consider now the following condition:
p ∈ Z \ {0}, q ∈ N, (p, q) = 1 and arg(c) = πp/q.(2.3)
The next corollary of Proposition 2.9 follows immediately by plugging l = q :
Corollary 2.10. Let f : I → E be a continuous function, and let (2.3) hold.
(i) If p is even and f(·) is c-almost periodic (c-uniformly recurrent, semi-c-
periodic), then f(·) is almost periodic (uniformly recurrent, semi-periodic).
(ii) If p is odd and f(·) is c-almost periodic (c-uniformly recurrent, semi-c-
periodic), then f(·) is almost anti-periodic (uniformly anti-recurrent, semi-
anti-periodic).
Therefore, if arg(c)/π ∈ Q, then the class of c-almost periodic functions (c-
uniformly recurrent functions, semi-c-periodic functions) is always contained in
the class of almost periodic functions (uniformly recurrent functions, semi-periodic
functions); in particular, we have that any almost anti-periodic function (uniformly
anti-recurrent function, semi-anti-periodic function) is almost periodic (uniformly
recurrent, semi-periodic).
Now we will prove the following:
Proposition 2.11. Let f : I → E be a continuous function, and let arg(c)/π /∈ Q.
(i) If f(·) is c-almost periodic, then f(·) is c′-almost periodic for all c′ ∈ S1.
(ii) If f(·) is bounded and c-uniformly recurrent, then f(·) is c′-uniformly re-
current for all c′ ∈ S1.
Proof. We will prove only (i). Clearly, it suffices to consider the case in which
the function f(·) is not identical to zero. Let c′ ∈ S1 and ǫ > 0 be fixed; then
the prescribed assumption implies that the set {cl : l ∈ N} is dense in S1 and
therefore there exists an increasing sequence (lk) of positive integers such that
limk→+∞ c
lk = c′. By Proposition 2.2, the function f(·) is bounded; let k ∈ N be
such that |clk − c′| < ǫ/(2‖f‖∞), and let τ > 0 be any (ǫ/2, clk)-period for f(·).
Then we have∥∥f(x+ τ)− c′f(x)∥∥ ≤ ∥∥f(x+ τ)− clkf(x)∥∥+ ∣∣clk − c′∣∣ · ‖f‖∞ < ǫ/2 + ǫ/2 = ǫ,
for any x ∈ I. This simply completes the proof. 
Proposition 2.12. Let f : I → E be a continuous function. Then we have the
following:
(i) If f(·) is semi-c-periodic and arg(c)/π ∈ Q, then f(·) is c′-almost periodic
for all c′ ∈ {cl : l ∈ N}.
(ii) If f(·) semi-c-periodic and arg(c)/π /∈ Q, then f(·) is c′-almost periodic for
all c′ ∈ S1.
Proof. Let ǫ > 0 be fixed. To prove (i), it suffices to show that f(·) is c-almost
periodic (see Proposition 2.9). Since arg(c)/π ∈ Q and (2.3) holds, then we have
c1+2lq = c for all l ∈ N. Then there exists p > 0 such that, for every m ∈ N
and x ∈ I, we have ‖f(x + mp) − cmf(x)‖ ≤ ǫ. With m = 1 + 2lq, we have
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‖f(x + (1 + 2lq)p) − c1+2lqf(x)‖ = ‖f(x + (1 + 2lq)p) − cf(x)‖ ≤ ǫ so that the
conclusion follows from the fact that the set {(1 + 2lq)p : l ∈ N} is relatively dense
in [0,∞). Assume now that arg(c)/π /∈ Q. To prove (ii), it suffices to consider case
f 6= 0. Observe first that Lemma 1.1 yields that there exists a strictly increasing
sequence (lk) of positive integers such that supk∈N(lk+1 − lk) <∞ and |clk − c′| <
ǫ/‖f‖∞ for all k ∈ N. With this sequence and the number p > 0 chosen as above,
we have: ∥∥f(x+ plk)− c′f(x)∥∥ ≤ ∥∥f(x+ plk)− clkf(x)∥∥+ ∣∣clk − c′∣∣‖f‖∞
≤ ǫ + ǫ‖f‖∞/‖f‖∞ = 2ǫ, x ∈ I, k ∈ N.
Since the set {plk : k ∈ N} is relatively dense in [0,∞), the proof is completed. 
In connection with Proposition 2.12(ii), it is natural to ask whether the assump-
tions that the function f(·) is semi-c-periodic and arg(c)/π /∈ Q imply that f(·) is
semi-c′-almost periodic for all c′ ∈ S1?
We continue by providing the following extension of [26, Theorem 2.2] (see also
[6, pp. 3-4]):
Theorem 2.13. Let f : I → E be c-almost periodic (c-uniformly recurrent, semi-
c-periodic), and let α ∈ C. Then we have:
(i) αf(·) is c-almost periodic (c-uniformly recurrent, semi-c-periodic).
(ii) If E = C and infx∈R |f(x)| = m > 0, then 1/f(·) is 1/c-almost periodic
(1/c-uniformly recurrent, semi-1/c-periodic).
(iii) If (gn : I → E)n∈N is a sequence of c-almost periodic functions (c-uniformly
recurrent functions, semi-c-periodic functions) and (gn)n∈N converges uni-
formly to a function g : I → E, then g(·) is c-almost periodic (c-uniformly
recurrent, semi-c-periodic).
(iv) If a ∈ I and b ∈ I \ {0}, then the functions f(·+ a) and f(b ·) are likewise
c-almost periodic (c-uniformly recurrent, semi-c-periodic).
A function f : I → E is said to be c-periodic if and only if there exists p > 0
such that f(x + p) = cf(x) for all x ∈ I. Keeping in mind Theorem 2.13(iii) and
the proofs of [4, Lemma 1, Theorem 1], we can clarify the following extension of
[10, Proposition 3]:
Theorem 2.14. Let f ∈ Cb(I : E). Then f(·) is semi-c-periodic if and only if there
exists a sequence (fn) of c-periodic functions in Cb(I : E) such that limn→∞ fn(x) =
f(x) uniformly in I.
We continue by providing two illustrative examples:
Example 2.15. (see also [26, Example 2.2]) The function f : R → R given by
f(t) := cos t, t ∈ R is c-almost periodic (c-uniformly recurrent) if and only if c = ±1,
while f(·) is semi-c-periodic if and only if c = 1; the function fϕ : R → R given
by fϕ(t) := e
itϕ, t ∈ R (ϕ ∈ (−π, π] \ {0}) is c-almost periodic (semi-c-periodic)
for any c ∈ S1, while the function f0(·) is c-almost periodic (c-uniformly recurrent,
semi-c-periodic) if and only if c = 1. Consider now the function g : R→ R given by
g(t) := 2−1 cos 4t+2 cos 2t, t ∈ R. Then we know that the function g(·) is (almost)
periodic and not almost anti-periodic. Now we will prove that g(·) is c-almost
periodic (c-uniformly recurrent, semi-c-periodic) if and only if c = 1. Suppose that
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(αn) is a strictly increasing sequence tending to plus infinity such that (c = e
iα,
α ∈ (−π, π]):
lim
n→+∞
sup
t∈R
∣∣∣2−1 cos(4t+ αn)2 cos(2t+ αn)− eiα[2−1 cos 4t+ 2 cos 2t]∣∣∣ = 0.
With t = π, the above implies
lim
n→+∞
[cos 4αn + 4 cos 2αn − 5 cosα] = 0 and lim
n→+∞
5 sinα = 0,(2.4)
which immediately yields α = 0 or α = π. In the second case, the contradiction
is obvious since the first limit equation in (2.4) cannot be fulfilled, while the case
α = 0 is possible and equivalent with the usual almost periodicity of g(·).
Example 2.16. (see also [4, Example 1] and [10, Example 4, Example 5]) Let p
and q be odd natural numbers such that p− 1 ≡ 0 (mod q), and let c = eipip/q. The
function
f(x) :=
∞∑
n=1
eix/(2nq+1)
n2
, x ∈ R
is semi-c-periodic because it is a uniform limit of [π · (1+2q) · · · (1+2Nq)]-periodic
functions
fN (x) :=
N∑
n=1
eix/(2nq+1)
n2
, x ∈ R (N ∈ N).
Now we will state and prove the following
Proposition 2.17. Suppose that f : I → R is c-uniformly recurrent (semi-c-
periodic) and f 6= 0. Then c = ±1 and moreover, if f(t) ≥ 0 for all t ∈ I, then
c = 1.
Proof. We will consider the class of c-uniformly recurrent functions, only, when we
may assume without loss of generality that I = [0,∞). Then f /∈ C0([0,∞) : R);
namely, if we suppose the contrary, then there exists a strictly increasing sequence
(αn) of positive real numbers such that limn→+∞ αn = +∞ and (2.1) holds. In
particular, for every fixed number t0 ≥ 0 we have limn→+∞ |f(t0+αn)−cf(t0)| = 0.
This automatically yields f(t0) = 0 and, since t0 ≥ 0 was arbitrary, we get f = 0
identically, which is a contradiction. Therefore, there exist a strictly increasing
sequence (tl)l∈N of positive real numbers tending to plus infinity and a positive
real number a ≥ lim supt→+∞ |f(t)| > 0 such that |f(tl)| ≥ a/2 for all l ∈ N. Let
ǫ > 0 be fixed. Then there exist two real numbers t0 > 0 and n0 ∈ N such that
|f(t + αn) − f(t)| ≤ ǫ for all t ≥ t0 and n ≥ n0. If arg(c) = ϕ ∈ (−π, π], then we
particularly get that for each t ≥ t0 and n ≥ n0 we have:∣∣f(t+ αn)− cosϕ · f(t)∣∣ ≤ ǫ and ∣∣sinϕ · f(t)∣∣ ≤ ǫ.
Plugging in the second estimate t = tl for a sufficiently large l ∈ N we get that
| sinϕ| ≤ 2ǫ/a. Since ǫ > 0 was arbitrary, we get sinϕ = 0 and c = ±1. Suppose,
finally, that f(t) ≥ 0 for all t ≥ 0 and c = −1. Then we have f(t+ αn) + f(t) ≤ 2ǫ
for all t ≥ t0 and n ≥ n0. Plugging again t = tl for a sufficiently large l ∈ N we get
that a ≤ ǫ for all ǫ > 0 and therefore a = 0, which is a contradiction. 
By the proof of Proposition 2.17, we have:
Proposition 2.18. Suppose that f : I → E is c-uniformly recurrent (semi-c-
periodic) and f 6= 0. Then f /∈ C0(I : E).
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We continue by providing some illustrative applications of Proposition 2.17:
Example 2.19. (i) The function f : R→ R, given by
f(t) :=
∞∑
n=1
1
n
sin2
( t
2n
)
dt, t ∈ R,(2.5)
is unbounded, uniformly continuous and uniformly recurrent (see Haraux
and Souplet [17, Theorem 1.1]). Then f(·) is c-uniformly recurrent if and
only if c = 1.
(ii) Let τ1 := 1, τ2 > 2 and let the sequence (τn)n∈N of positive real numbers
satisfy τn > 2
∑n−1
i=1 iτi for all n ∈ N. Let the sequence (fn : R→ R)n∈N be
defined as follows. Set f1(x) := 1−|x| for |x| ≤ 1 and f1(x) := 0, otherwise.
If the functions f1(·), · · ·, fn−1(·) are already defined, set
fn(x) := fn−1(x) +
n−1∑
m=1
n−m
n
[
fn−1
(
x−mτn
)
+ fn−1
(
x+mτn
)]
, x ∈ R.
Then ∣∣fn(x+ τn)− fn(x)∣∣ ≤ 1
n
, n ∈ N, x ∈ R,
and the function
f(x) := lim
n→+∞
fn(x), x ∈ R(2.6)
is well defined, even and satisfies that 0 ≤ f(x) ≤ 1 for all x ∈ R (see
Bohr, the first part of [9], pp. 113–115). Then we know that the function
f : R→ R, given by (2.6), is bounded, uniformly continuous and uniformly
recurrent ([23]). Therefore, f(·) is c-uniformly recurrent if and only if c = 1.
(iii) The following function has been used by de Vries in [13, point 6., p.
208]. Let (pi)i∈N be a strictly increasing sequence of natural numbers
such that pi|pi+1, i ∈ N and limi→∞ pi/pi+1 = 0. Define the function
fi : [−pi, pi]→ [0, 1] by fi(t) := |t|/pi, t ∈ [−pi, pi] and extend the function
fi(·) periodically to the whole real axis; the obtained function, denoted by
the same symbol fi(·), is of period 2pi (i ∈ N). Set
f(t) := sup
{
fi(t) : i ∈ N
}
, t ∈ R.(2.7)
Then the function f : R→ R, given by (2.7), is bounded, uniformly continu-
ous and uniformly recurrent ([23]). Therefore, f(·) is c-uniformly recurrent
if and only if c = 1.
Any of the above three functions is not asymptotically (Stepanov) almost auto-
morphic (see [23] for more details).
The function f(·) constructed in the following example is also not asymptotically
(Stepanov) almost automorphic since it is not Stepanov bounded:
Example 2.20. The function g : R→ R, given by
g(t) :=
∞∑
n=1
1
n
sin2
( t
3n
)
dt, t ∈ R,
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is unbounded, Lipschitz continuous and uniformly recurrent; furthermore, we have
the existence of a positive integer k0 ∈ N such that
1
3kπ
∫ 3kpi
0
g(s) ds ≥ 1
2
(
ln k − 1), k ≥ k0(2.8)
and
sup
t∈R
∣∣g(t+ 3nπ)− g(t)∣∣ ≤ π
n+ 1
∞∑
j=1
3−j , n ∈ N.(2.9)
This can be proved in exactly the same way as in the proof of [17, Theorem 1.1].
Define now f(t) := sin t · g(t), t ∈ R. Then (2.9) easily implies
sup
t∈R
∣∣f(t+ 3nπ) + f(t)∣∣ ≤ π
n+ 1
∞∑
j=1
3−j , n ∈ N.
Therefore, f(·) is uniformly anti-recurrent and Proposition 2.17 yields that the
function f(·) is c-uniformly recurrent if and only if c = ±1. To prove that f(·)
is Stepanov unbounded, obeserve that (2.8) implies the existence of a sequence
(tk)k∈N of positive real numbers such that g(tk) ≥ (1/2)(ln k − 1) for all k ≥ k0.
If we denote by L ≥ 1 the Lipschitzian constant of mapping g(·), then the above
implies
g(x) ≥ (1/2)(lnk − 1)− 8Lπ, x ∈ [tk, tk + 8π], k ≥ k0.(2.10)
The existence of a constant M > 0 such that
∫ t+1
t | sin s| · g(s) ds < M for all t ∈ R
would imply by (2.10) the existence of a sequence (ak) of positive integers such that
[2akπ+(π/2), 2akπ+(π/2)+1] ⊆ [tk, tk+8π
]
and therefore (take t = 2akπ+(π/2))
sin((π/2) + 1) ·
[
(1/2)(ln k − 1)− 8Lπ
]
≤M, k ≥ k0,
which is a contradiction.
In connection with Proposition 2.17 and Proposition 2.18, we would like to
present an illustrative example with the complex-valued functions:
Example 2.21. Let h : I → R, q : I → R and f(t) := h(t) + iq(t), t ∈ I.
Suppose that f : I → C is c-uniformly recurrent, where c = eiϕ and sinϕ 6= 0.
Then h ∈ C0(I : R) or q ∈ C0(I : R) implies f ≡ 0. To show this, observe that the
c-uniform recurrence of f(·) implies the existence of a strictly increasing sequence
(αn) of positive real numbers tending to plus infinity such that
lim
n→+∞
sup
t∈I
∣∣h(t+ αn)− cosϕ · h(t) + sinϕ · q(t)∣∣ = 0, and
lim
n→+∞
sup
t∈I
∣∣q(t+ αn)− cosϕ · q(t)− sinϕ · h(t)∣∣ = 0.
Since we have assumed that sinϕ 6= 0, the assumption h ∈ C0(I : R) (q ∈ C0(I : R))
implies by the first (second) of the above equalities that q ∈ C0(I : R) (h ∈ C0(I :
R)). Hence, f ∈ C0(I : C) and the claimed statement follows by Proposition 2.18.
The space consisting of all almost periodic functions (c = 1) is the only function
space from those introduced in Definition 2.1, Definition 2.3 and Definition 2.4
which has a linear vector structure:
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Example 2.22. (i) Suppose that c = 1. Then the set of all c-almost periodic
functions is a vector space together with the usual operations, while the set
of c-uniformly recurrent functions and the set of semi-c-periodic functions
are not vector spaces together with the usual operations ([23]).
(ii) Suppose that c = −1. Then the set of all c-almost periodic functions (c-
uniformly recurrent functions, semi-c-periodic functions) is not a vector
space together with the usual operations ([26]).
(iii) Suppose that c 6= ±1. Then the set of all c-almost periodic functions (c-
uniformly recurrent functions, semi-c-periodic functions) is not a vector
space together with the usual operations. Speaking-matter-of-factly, the
functions fϕ,± : R→ R given by fϕ,±(t) := e±itϕ, t ∈ R (ϕ ∈ (−π, π] \ {0})
are c-almost periodic (semi-c-periodic); see Example 2.15. Its sum fϕ,+(·)+
fϕ,−(·) = 2 cosϕ· is not c-uniformly recurrent due to Proposition 2.17.
Similarly, we have:
Example 2.23. Let f : I → C and g : I → E.
(i) Suppose that c = 1. If f ∈ AP (I : C) and g ∈ AP (I : E), then f · g ∈
AP (I : E); furthermore, there exist f ∈ UR(I : C) and g ∈ UR(I : E) such
that f · g /∈ UR(I : E) ([23]). It can be simply proved that the pointwise
product of anti-periodic functions f(t) := cos t, t ∈ R and g(t) := cos√2t,
t ∈ R is not a semi-periodic function (see e.g., [4, Lemma 2]).
(ii) Suppose that c = −1. Then there exist an anti-periodic function f(·) and an
anti-periodic function g(·) such that f · g(·) is not anti-uniformly recurrent.
We can simply take E = C and f(t) := g(t) := cos t, t ∈ I.
(iii) Suppose that c 6= ±1. Then there exist a semi-c-periodic function f(·) and
a semi-c-periodic function g(·) such that f ·g(·) is not c-uniformly recurrent.
Consider again the functions fϕ,± : R→ R given by fϕ,±(t) := e±itϕ, t ∈ R
(ϕ ∈ (−π, π] \ {0}). They are semi-c-periodic but their pointwise product
fϕ,+(·) · fϕ,−(·) = 1 is not c-uniformly recurrent due to Proposition 2.17.
Denote by ANP0(I : E) and ANP (I : E) the linear span of almost anti-periodic
functions I 7→ E and its closure in AP (I : E), respectively. In [26, Theorem 2.3],
we have shown that ANP (I : E) = APR\{0}(I : E). Now we will extend this result
in the following way:
Theorem 2.24. Denote by APc,0(I : E) and APc,0(I : E) the linear span of c-
almost periodic functions I 7→ E and its closure in AP (I : E), respectively. Then
the following holds:
(i) Let arg(c) ∈ π ·Q. Then we have APc,0(I : E) = APR\{0}(I : E).
(ii) Let arg(c) /∈ π ·Q. Then we have APc,0(I : E) ⊇ APR\{0}(I : E).
Proof. Assume first that f ∈ APR\{0}(I : E). By (1.1), we have
f ∈ span{eiµ·x : µ ∈ σ(f), x ∈ R(f)},
where the closure is taken in the space Cb(I : E). Since σ(f) ⊆ R \ {0} and
the function t 7→ eiµt, t ∈ I (µ ∈ R \ {0}) is c-almost periodic for all c ∈ S1,
we have that span{eiµ·x : µ ∈ σ(f), x ∈ R(f)} ⊆ APc,0(I : E). Hence, f ∈
APc,0(I : E). To complete the proof, it remains to consider case arg(c) ∈ π · Q
and show that any function f ∈ APc,0(I : E) belongs to the space APR\{0}(I : E).
Furthermore, it suffices to consider case in which (2.3) holds with the number p
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even because otherwise we can apply Corollary 2.10(ii) and Proposition 2.11(i) to
see that APc,0(I : E) ⊆ ANP0(I : E) and therefore APc,0(I : E) ⊆ ANP (I : E),
so that the statement directly follows from [26, Theorem 2.3]. We will prove that
lim
t→∞
1
t
∫ t
0
f(s) ds = 0;(2.11)
clearly, by almost periodicity of f(·), the limit in (2.11) exists. Let ǫ > 0 be fixed,
and let l > 0 satisfy that every interval of [0,∞) of length l contains a point τ such
that ‖f(t+τ)−cf(t)‖ ≤ ǫ, t ≥ 0.We have cq = 1 and therefore 1+c+···+cq−1 = 0;
using this equality and decomposition (s ≥ 0, n ∈ N)∥∥f(s+ (n− 1)τ) + f(s+ (n− 2)τ) + · · ·+ f(s)∥∥
≤ ǫ+
∥∥(1 + c)f(s+ (n− 2)τ) + f(s+ (n− 3)τ) + · · ·+ f(s)∥∥
≤ ǫ+ ∥∥(1 + c)f(s+ (n− 2)τ) − (1 + c)cf(s+ (n− 3)τ)∥∥
+
∥∥[1 + (1 + c)c]f(s+ (n− 3)τ) + f(s+ (n− 4)τ) · · ·+f(s)∥∥
≤ ǫ+ |1 + c|ǫ+
∥∥∥[1 + c+ c2]f(s+ (n− 3)τ) + f(s+ (n− 4)τ) + · · ·+ f(s)∥∥∥
≤ ǫ+ |1 + c|ǫ+
∣∣1 + c+ c2∣∣ǫ+ ...
≤ ǫ+ |1 + c|ǫ+
∣∣1 + c+ c2∣∣ǫ+ ...+ ∣∣1 + c+ c2 + · · ·+ cq−2∣∣ǫ
+
∥∥f(s) + f(s+ τ) + · · ·+ f(s+ (n− 1− q)τ)∥∥,
we immediately get that there exists a finite constant A ≥ 1 such that, for every
s ≥ 0 and n ∈ N,∥∥f(s+ (n− 1)τ) + f(s+ (n− 2)τ) + · · ·+ f(s)∥∥ ≤ Aǫ⌈n/q⌉+A‖f‖∞.
Integrating this estimate over the segment [0, nτ ], we get that, for every s ≥ 0 and
n ∈ N,∥∥∥∥∥
∫ nτ
0
f(s) ds
∥∥∥∥∥ =
∥∥∥∥∥
∫ τ
0
[
f(s+ (n− 1)τ) + f(s+ (n− 2)τ) + · · ·+ f(s)] ds
∥∥∥∥∥
≤ Aτǫ⌈n/q⌉+Aτ‖f‖∞.
Dividing the both sides of the above inequality with nτ , we get that
lim
n→+∞
∥∥∥∥∥ 1nτ
∫ nτ
0
f(s) ds
∥∥∥∥∥ ≤ Aǫ/q.
Since ǫ > 0 was arbitrary, this immediately yields (2.11). 
Now we will state and prove the following result:
Proposition 2.25. Suppose that f : [0,∞) → E is c-almost periodic (semi-c-
periodic). Then Ef : R → E is a unique c-almost periodic extension (semi-c-
periodic extension) of f(·) to the whole real axis.
Proof. The proof for the class of c-almost periodic functions is very similar to the
proof of [26, Proposition 2.2] and therefore omitted. For the class of semi-c-periodic
functions, the proof can be deduced as follows (see also [10, Proposition 4]). Due
to Proposition 2.12, we have that the function f : [0,∞)→ E is almost periodic, so
that the function Ef : R → E is a unique almost periodic extension of f(·) to the
whole real axis. Therefore, it remains to be proved that Ef(·) is semi-c-periodic.
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Let ǫ > 0 be fixed. Then there exists p > 0 such that for all m ∈ N and x ≥ 0
we have ‖f(x +mp) − cmf(x)‖ ≤ ǫ. For every fixed number m ∈ N, the function
Ef(·+mp)− cmEf(·) is almost periodic so that the supremum formula implies
sup
x∈R
∥∥Ef(x+mp)− cmEf(x)∥∥ = sup
x≥0
∥∥Ef(x+mp)− cmEf(x)∥∥
= sup
x≥0
∥∥f(x+mp)− cmf(x)∥∥ ≤ ǫ.
This completes the proof. 
We continue by introducing the following notion:
Definition 2.26. A continuous function f : I → E is called asymptotically c-
uniformly recurrent (asymptotically c-almost periodic, asymptotically semi-c-periodic)
if and only if there are a c-uniformly recurrent (c-almost periodic, semi-c-periodic)
function g : I → E and a function h ∈ C0(I : E) such that f(x) = g(x) + h(x),
x ∈ I.
For the Stepanov classes, we will use the following notion:
Definition 2.27. Let 1 ≤ p <∞, and let f ∈ Lploc(I : E).
(i) It is said that f(·) is Stepanov (p, c)-uniformly recurrent (Stepanov (p, c)-
almost periodic, Stepanov semi-(p, c)-periodic) if and only if the function
fˆ : I → Lp([0, 1] : E), defined by (1.2), is c-uniformly recurrent (c-almost
periodic, semi-c-periodic).
(ii) It is said that f(·) is asymptotically Stepanov (p, c)-uniformly recurrent
(asymptotically Stepanov (p, c)-almost periodic, asymptotically Stepanov
semi-(p, c)-periodic) if and only if there are a Stepanov (p, c)-uniformly
recurrent (Stepanov (p, c)-almost periodic, Stepanov semi-(p, c)-periodic)
function h(·) and q ∈ C0(I : Lp([0, 1] : E)) such that f(t) = h(t) + q(t) for
a.e. t ∈ I.
2.1. Composition principles for c-almost periodic type functions. In this
subsection, we will clarify and prove several composition principles for c-almost
periodic functions and c-uniformly recurrent functions; the composition theorems
for semi-c-periodic functions will be investigated in [24].
Suppose that F : I ×X → E is a continuous function and there exists a finite
constant L > 0 such that
‖F (t, x)− F (t, y)‖ ≤ L‖x− y‖X , t ∈ I, x, y ∈ X.(2.12)
Define F(t) := F (t, f(t)), t ∈ I.We need the following estimates (τ ≥ 0, c ∈ C\{0},
t ∈ I): ∥∥∥F (t+ τ, f(t+ τ)) − cF (t, f(t))∥∥∥
≤
∥∥∥F (t+ τ, f(t+ τ))− F(t+ τ, cf(t))∥∥∥+∥∥∥F(t+ τ, cf(t))− cF (t, f(t))∥∥∥
≤ L
∥∥∥f(t+ τ) − cf(t)∥∥∥+ ∥∥∥F(t+ τ, cf(t))− cF (t, f(t))∥∥∥.(2.13)
Using (2.13), we can simply deduce the following result:
Theorem 2.28. Suppose that F : I ×X → E is a continuous function and there
exists a finite constant L > 0 such that (2.12) holds.
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(i) Suppose that f : I → X is c-uniformly recurrent. If there exists a strictly
increasing sequence (αn) of positive reals tending to plus infinity such that
lim
n→+∞
sup
t∈I
∥∥f(t+ αn)− cf(t)∥∥ = 0(2.14)
and
lim
n→+∞
sup
t∈I
∥∥∥F(t+ αn, cf(t))− cF (t, f(t))∥∥∥= 0,(2.15)
then the mapping F(t) := F (t, f(t)), t ∈ I is c-uniformly recurrent.
(ii) Suppose that f : I → X is c-almost periodic. If for each ǫ > 0 the set of all
positive real numbers τ > 0 such that
sup
t∈I
∥∥f(t+ τ) − cf(t)∥∥ < ǫ(2.16)
and
sup
t∈I
∥∥∥F(t+ τ, cf(t))− cF (t, f(t))∥∥∥< ǫ,(2.17)
is relatively dense in [0,∞), then the mapping F(t) := F (t, f(t)), t ∈ I is
c-almost periodic.
For the class of asymptotically c-almost periodic functions, the following result
simply follows from the previous theorem and the argumentation used in the proof
of [14, Theorem 3.49]:
Theorem 2.29. Suppose that F : I ×X → E and Q : I ×X → E are continuous
functions and there exists a finite constant L > 0 such that (2.12) holds as well as
that (2.12) holds with the function F (·, ·) replaced therein with the function Q(·, ·).
(i) Suppose that g : I → E is a c-uniformly recurrent function, h ∈ C0(I :
E) and f(x) = g(x) + h(x), x ∈ I. If there exists a strictly increasing
sequence (αn) of positive reals tending to plus infinity such that (2.14) and
(2.15) hold with the function f(·) replaced therein with the function g(·),
lim|t|→+∞Q(t, y) = 0 uniformly for y ∈ R(f), then the mapping H(t) :=
(F +Q)(t, f(t)), t ∈ I is asymptotically c-uniformly recurrent.
(ii) Suppose that g : I → E is a c-almost periodic function, h ∈ C0(I : E)
and f(x) = g(x) + h(x), x ∈ I. If for each ǫ > 0 the set of all positive
real numbers τ > 0 such that (2.16) and (2.17) hold with the function f(·)
replaced therein with the function g(·), lim|t|→+∞Q(t, y) = 0 uniformly for
y ∈ R(f), then the mapping H(t) := (F+Q)(t, f(t)), t ∈ I is asymptotically
c-almost periodic.
For the Stepanov classes, the following result slightly generalizes the well known
result of Long and Ding [18, Theorem 2.2]. The proof can be deduced by using
the argumentation used in the proofs of the above-mentioned theorem and [19,
Theorem 3.18]:
Theorem 2.30. Let p, q ∈ [1,∞), r ∈ [1,∞], 1/p = 1/q + 1/r and the following
conditions hold:
(i) Let F : I ×X → E and let there exist a function LF ∈ LrS(I) such that
‖F (t, x)− F (t, y)‖ ≤ LF (t)‖x− y‖X , t ∈ I, x, y ∈ X.(2.18)
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(ii) There exists a strictly increasing sequence (αn) of positive real numbers
tending to plus infinity such that
lim
n→+∞
sup
t∈I
sup
u∈R(f)
∫ t+1
t
∥∥∥F (s+ αn, cu)− cF (s, u)∥∥∥p ds = 0(2.19)
and
lim
n→+∞
sup
t∈I
∫ t+1
t
∥∥∥f(s+ αn)− cf(s)∥∥∥q ds = 0.(2.20)
Then the function F (·, f(·)) is Stepanov (p, c)-uniformly recurrent. Furthermore,
the assumption that F (·, 0) is Stepanov p-bounded implies that the function F (·, f(·))
is Stepanov p-bounded, as well.
Similarly, we can prove the following
Theorem 2.31. Suppose p > 1 and the following conditions hold:
(i) Let F : I ×X → E and let there exist a number r ≥ max(p, p/p− 1) and a
function LF ∈ LrS(I) such that (2.18) holds.
(ii) There exists a strictly increasing sequence (αn) of positive real numbers
tending to plus infinity such that (2.19) holds and (2.20) holds with the
number q replaced by the number p therein.
Then q := pr/(p+r) ∈ [1, p) and the function F (·, f(·)) is Stepanov (q, c)-uniformly
recurrent. Furthermore, the assumption that F (·, 0) is Stepanov q-bounded implies
that the function F (·, f(·)) is Stepanov q-bounded, as well.
The above results can be simply reformulated for the class of Stepanov (p, c)-
almost periodic functions. For the classes of asymptotically Stepanov (p, c)-uniformly
recurrent (asymptotically Stepanov (p, c)-almost periodic) functions, we can simply
extend the assertions of [22, Proposition 2.7.3, Proposition 2.7.4]. Details can be
left to the interested readers.
2.2. Invariance of c-almost type periodicity under the actions of con-
volution products. In this subsection, we investigate the invariance of c-almost
periodicity, c-uniform recurrence and semi-c-periodicity under the actions of finite
and infinite convolution products.
We start by stating the following slight generalizations of [26, Proposition 3.1,
Proposition 3.2], which can be deduced by using almost the same arguments as in
this paper (see also [23, Proposition 3.1] and [10, Proposition 6, Proposition 7]):
Proposition 2.32. Suppose 1 ≤ p <∞, 1/p+1/q = 1 and (R(t))t>0 ⊆ L(E,X) is
a strongly continuous operator family satisfying that M :=
∑∞
k=0 ‖R(·)‖Lq[k,k+1] <
∞. If f : R → E is Stepanov (p, c)-almost periodic (Stepanov p-bounded and
Stepanov (p, c)-uniformly recurrent/Stepanov p-bounded and Stepanov semi-(p, c)-
periodic), then the function F (·), given by
F (t) :=
∫ t
−∞
R(t− s)f(s) ds, t ∈ R,(2.21)
is well-defined and c-almost periodic (bounded c-uniformly recurrent/bounded and
semi-c-periodic).
c-ALMOST PERIODIC TYPE FUNCTIONS AND APPLICATIONS 17
Proposition 2.33. Suppose 1 ≤ p < ∞, 1/p+ 1/q = 1 and (R(t))t>0 ⊆ L(E,X)
is a strongly continuous operator family satisfying that, for every s ≥ 0, we have
ms :=
∞∑
k=0
‖R(·)‖Lq[s+k,s+k+1] <∞.
Suppose, further, that g : R → E is Stepanov (p, c)-almost periodic (Stepanov p-
bounded and Stepanov (p, c)-uniformly recurrent/Stepanov p-bounded and Stepanov
semi-(p, c)-periodic), w : [0,∞) → E satisfies wˆ ∈ C0([0,∞) : Lp([0, 1] : E)) and
f(t) = g(t)+w(t) for all t ≥ 0. Let there exist a finite number M > 0 such that the
following holds:
(i) limt→+∞
∫ t+1
t
[∫ s
M
‖R(r)‖‖w(s− r)‖ dr]p ds = 0.
(ii) limt→+∞
∫ t+1
t
mps ds = 0.
Then the function H(·), given by
H(t) :=
∫ t
0
R(t− s)f(s) ds, t ≥ 0,
is well-defined, bounded and asymptotically Stepanov (p, c)-almost periodic (asymp-
totically Stepanov (p, c)-uniformly recurrent/asymptotically Stepanov semi-(p, c)-
periodic).
In the following slight extension of [23, Proposition 3.2], we consider the case
in which the forcing term f(·) is not Stepanov p-bounded, in general (the proof is
essentially the same and therefore omitted; Proposition 2.33 can be reformulated
in this context, as well):
Proposition 2.34. Suppose that 1 ≤ p < ∞, 1/p + 1/q = 1, f : R → E is
Stepanov (p, c)-almost periodic (Stepanov (p, c)-uniformly recurrent/Stepanov semi-
(p, c)-periodic), there exists a continuous function P : R→ [1,∞) such that(∫ t+1
t
‖f(s)‖p ds
)1/p
≤ P (t), t ∈ R
and (R(t))t>0 ⊆ L(E,X) is a strongly continuous operator family satisfying that
for each t ∈ R we have
∞∑
k=0
‖R(·)‖Lq[k,k+1]P (t− k) <∞.
If the function fˆ : R → Lp([0, 1] : E) is uniformly continuous, then the function
F : R → X, given by (2.21), is well-defined and c-almost periodic (c-uniformly
recurrent/semi-c-periodic).
3. Applications to the abstract Volterra integro-differential
inclusions
In this section, we will present some illustrative applications of our abstract
results in the analysis of the existence and uniqueness of c-almost periodic type
solutions to the abstract (semilinear) Volterra integro-differential inclusions.
First of all, we would like to note that the results established in Subsection
2.2 can be applied at any place where the variation of parameters formula takes
effect. Concerning semilinear problems, we can apply our results in the study of the
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existence and uniqueness of c-almost periodic solutions and c-uniformly recurrent
solutions of the fractional semilinear Cauchy inclusion
Dγt,+u(t) ∈ Au(t) + F (t, u(t)), t ∈ R,(3.1)
where Dγt,+ denotes the Riemann-Liouville fractional derivative of order γ ∈ (0, 1),
F : R × X → E satisfies certain properties, and A is a closed multivalued linear
operator satisfying condition [22, (P)]. To explain this in more detail, fix a strictly
increasing sequence (αn) of positive reals tending to plus infinity and define
BUR(αn);c(R : E) :=
{
f ∈ URc(R : E) ; f(·) is bounded and
lim
n→+∞
sup
t∈R
∥∥f(t+ αn)− cf(t)∥∥∞ = 0
}
.
Equipped with the metric d(·, ·) := ‖·−·‖∞, BUR(αn);c(R : E) becomes a complete
metric space. Let (Rγ(t))t>0 be the operator family considered in [22] and [25].
Then we know that
‖Rγ(t)‖ = O
(
tγ−1 + t−γ−1
)
, t > 0.(3.2)
It is said that a continuous function u : R → E is a mild solution of (3.1) if and
only if
u(t) =
∫ t
−∞
Rγ(t− s)F
(
s, u(s)
)
ds, t ∈ R.
Now we are able to state the following result, which is very similar to [22, The-
orem 3.1]:
Theorem 3.1. Suppose that the function F : R × E → E satisfies that for
each bounded subset B of E there exists a finite real constant MB > 0 such that
supt∈R supy∈B ‖F (t, y)‖ ≤MB. Suppose, further, that the function F : R×E → E
is Stepanov (p, c)-uniformly recurrent with p > 1, and there exist a number r ≥
max(p, p/p − 1) and a function LF ∈ LrS(I) such that q := pr/(p + r) > 1 and
(2.18) holds with I = R. If
(γ − 1)q
q − 1 > −1,(3.3)
there exists an integer n ∈ N such that Mn < 1, where
Mn := sup
t≥0
∫ t
−∞
∫ xn
−∞
· · ·
∫ x2
−∞
∥∥∥Rγ(t− xn)∥∥∥
×
n∏
i=2
∥∥∥Rγ(xi − xi−1)∥∥∥ n∏
i=1
LF (xi) dx1 dx2 · · · dxn,
and (2.19) holds with the set R(f) replaced therein with an arbitrary bounded set
B ⊆ E, then the abstract semilinear fractional Cauchy inclusion (3.1) has a unique
bounded uniformly recurrent solution which belongs to the space BUR(αn);c(R : E).
Proof. Define Υ : BUR(αn);c(R : E)→ BUR(αn);c(R : E) by
(Υu)(t) :=
∫ t
−∞
Rγ(t− s)F (s, u(s)) ds, t ∈ R.
Suppose that u ∈ BUR(αn);c(R : E). Then R(u) = B is a bounded set and the map-
ping t 7→ F (t, u(t)), t ∈ R is bounded due to the prescribed assumption. Applying
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Theorem 2.31, we have that the function F (·, u(·)) is Stepanov (q, c)-uniformly re-
current. Define q′ := q/(q − 1). By (3.2) and (3.3), we have ‖Rγ(·)‖ ∈ Lq′ [0, 1] and∑∞
k=0 ‖Rγ(·)‖Lq′ [k,k+1] < ∞. Applying Proposition 2.32, we get that the function
t 7→ ∫ t
−∞
Rγ(t − s)F (s, u(s)) ds, t ∈ R is bounded and c-uniformly recurrent, im-
plying that Υu ∈ BUR(αn);c(R : E), as claimed. Furthermore, a simple calculation
shows that∥∥∥(Υnu1)− (Υnu2)∥∥∥
∞
≤Mn
∥∥u1 − u2∥∥∞, u1, u2 ∈ BUR(αn);c(R : E), n ∈ N.
Since there exists an integer n ∈ N such that Mn < 1, the well known extension of
the Banach contraction principle shows that the mapping Υ(·) has a unique fixed
point, finishing the proof of the theorem. 
Similarly we can analyze the existence and uniqueness of asymptotically Stepanov
(p, c)-almost periodic solutions and Stepanov (p, c)-uniformly recurrent solutions of
the fractional semilinear Cauchy inclusion
(DFP)f,γ :
{
D
γ
t u(t) ∈ Au(t) + F (t, u(t)), t ≥ 0,
u(0) = x0,
where Dγt denotes the Caputo fractional derivative of order γ ∈ (0, 1], x0 ∈ E and
F : [0,∞) × X → E, satisfies certain properties, and A is a closed multivalued
linear operator satisfying condition [22, (P)].
The examples and results presented by Zaidman [28, Examples 4, 5, 7, 8; pp. 32-
34] can be used to provide certain applications of our results, as well. For example,
the unique regular solution of the heat equation ut(x, t) = uxx(x, t), x ∈ R, t ≥ 0,
accompanied with the initial condition u(x, 0) = f(x), is given by
u(x, t) :=
1
2
√
πt
∫ +∞
−∞
e−
(x−s)2
4t f(s) ds, x ∈ R, t > 0;
see [28, Example 4]. Let the number t0 > 0 be fixed, and let the function
f(·) be bounded c-uniformly recurrent (c-almost periodic, semi-c-periodic). Since
e−·
2/4t0 ∈ L1(R), we can use the fact that the space of bounded c-uniformly recur-
rent functions (c-almost periodic functions, semi-c-periodic functions) is convolu-
tion invariant in order to see that the solution x 7→ u(x, t0), x ∈ R is bounded and
c-uniformly recurrent (c-almost periodic, semi-c-periodic).
It is clear that the concepts of Weyl almost periodicity, Doss almost periodicity
and Besicovitch-Doss almost periodicity, among many others, can be reconsidered
and generalized following the approach based on the use of difference f(·+τ)−cf(·)
in place of the usual one f(· + τ) − f(·). We close the paper with the observation
that the class of c-almost automorphic functions will be analyzed in our forthcoming
paper [21].
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